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Introduction

I As announced yesterday we are going to focus on ’simple’
models lumping the ’stochastic component’ at a single locus.

I These models won’t pretend being ’realist’ in the way detailed
biophysical ones do. By abandoning strict observance of
physiological facts.

I We hope to obtain easier to interpret and to implement (on a
computer) models as well as, in some cases, models on which
mathematicians can work–that is, prove theorems–.



I I have selected few ’milestone’ papers in this section.
I This does not imply that the (many) other ones are not good,

far from that.
I Still, the reader will remark that they are relatively old, having

been published between 1954 and 1988. This is a deliberate
choice that can rightfully be understood as targeting a
common pathology in neuroscience: amnesia; a strange
pathology to suffer from for people who often work on how the
brain memorizes things. . .
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Hagiwara (1954): Overview-preparation

I Toad or bullfrog tonic muscle spindles fibers (stretch receptors
of muscles).

I By changing the load (weight) attached to one end of the
muscle, Hagiwara was able to modulate the discharge rate of
the fiber (that’s classic stuff).

https://en.wikipedia.org/wiki/Muscle_spindle


Overview-results

For a given load the discharge rate was first decreasing–during the
first 10 seconds–before stabilizing (his Fig. 1).



Overview-results (continued)
By selecting restricted parts of the early phase and the whole late
part, Hagiwara was able to isolate what he calls ’stationary states’
(his Fig. 2). Hagiwara writes that in these regions the ’successive
intervals become a stochastic time series’.



Hagiwara looked then at the correlations between successive
intervals (in the ’stationary regions’) and found these correlations
to be null (his Fig. 4B).



He found a relation between the mean interval and the standard
deviation (his Table 1 and Fig. 3A) implying that the standard
deviation is set by the mean value (functional relation).



He also found a relation between mean and skewness (his Fig. 3B
and 4A) implying that the skewness is also set by the mean value.

https://en.wikipedia.org/wiki/Skewness


Conclusion and discussion

I Hagiwara concludes that in the ’stationary regions’ the interval
distribution depends on a single parameter.

I The discussion focuses on the construction of a stochastic
model that can account the empirical properties of the interval
distributions and be related to physiological parameters. We
are going next to give a more detailed account of that part of
the paper.



The model

I The key feature Hagiwara wants to ’explain’ is that the inter
spike interval distribution depends on a single parameter.

I To that end he proposes that, at the action potential initiation
site, the threshold undergoes a transient modification following
a spike, namely, he assumes that the threshold is described by:

Aec/t ,

where A is the rheobase (the stimulus intensity leading to a
spike when times goes to infinity or, the minimal stimulus
leading to a spike after a ’long time’) and c is a parameter
specific to the fiber.

https://en.wikipedia.org/wiki/Rheobase


I The ’membrane potential’ must exceed the threshold to get a
spike.

I A given constant stimulus is assumed to lead to a constant
membrane potential given by S .

I Lastly, Hagiwara assumes the presence of a ’noise process’,
that in modern language would be described by a Gaussian
process with a diagonal covariance matrix having value σ2 on
the diagonal.

I Less formally, Hagiwara assumes that at any given time the
’membrane potential’ is given by S + X (t) where the
{X (t), t ≥ 0} are independently and identically normally
distributed with E[X (t)] = 0 and V [X (t)] = σ2 (independence
implies: Cov (X (t),X (s)) = 0, if t 6= s).

I A spike occurs when:

S + X (t) ≥ Aec/t or X (t) ≥ Aec/t − S .



The probability of spike occurrence between t and t + ∆t given
that no spike occurred since t = 0 is then:

P{one spike in (t, t + ∆t) | last spike at t = 0} = P
{
X (t) ≥ Aec/t − S

}
=

∆t√
2π

∫ ∞
θ(t,S)

e−x
2/2dx ,

where
θ(t, S) =

1
σ

(
Aec/t − S

)
.

Remember that the distribution function of a standard normal
random variable is:

Φ(x) =
1√
2π

∫ x

−∞
e−u

2/2du .



Now if we write Φc(x) = 1− Φ(x), we see that our probability of
spike occurrence can be written as:

P{one spike in (t, t + ∆t) | last spike at t = 0} = ∆tΦc (θ(t, S)) .



Getting the inter spike interval density

I To get f (S , t)∆t, the probability that an interval is between t
and t + ∆t

I Hagiwara splits [0, t] in n − 1 intervals of equal length
∆t = t/(n − 1)

I and argues that f (S , t)dt is the product of the probabilities
that no spike occurs in the n − 1 intervals and the probability
that a spike occurs in the interval (t, t + ∆t).



Writing

Φc
k = Φc (θ(k∆t, S)) , k = 0, 1, . . . , n − 1, n

we get

f (S , t)∆t = (1−∆tΦc
0) (1−∆tΦc

1) · · ·
(
1−∆tΦc

n−1
)

∆tΦc
n

=

{
n−1∏
i=0

(1−∆tΦc
i )

}
∆tΦc

n . (2)



Taking the log on both sides yields (remember that the log of a
product is the sum of the log s),

log (f (S , t)∆t) =

{
n−1∑
i=0

log (1−∆tΦc
i )

}
+ log (∆tΦc

n) .

If ∆t � 1, that is if n� 1, then

log (1−∆tΦc
i ) = −∆tΦc

i + o(∆t),



We therefore have

log (f (S , t)∆t) = −

{
n−1∑
i=0

∆tΦc
i

}
+ log (∆tΦc

n) + o(∆t) .

But if the Riemann integral of Φc exists then:

lim
n→∞

n−1∑
i=0

t

n − 1
Φc
i =

∫ t

0
Φc(x)dx .

https://en.wikipedia.org/wiki/Riemann_integral


Since the integral exists, we end up with:

log (f (S , t)∆t) = −
(∫ t

0
Φc (θ(x , S)) dx

)
+ log (∆tΦc (θ(t,S)))

that is

f (S , t) = Φc (θ(t, S)) exp

(
−
∫ t

0
Φc (θ(x ,S)) dx

)
. (3)



Parameter estimation

If we have a set of m (observed) intervals,

{t1, . . . , tm}

we can use the maximum likelihood method to estimate parameters
c and σ, that is we construct the function

L(c , σ) =
m∏
i=1

f (S , ti ),

and we take as estimates ĉ and σ̂ of c and σ respectively the pair
(c , σ) at which the maximum of L(c , σ) is located.

https://en.wikipedia.org/wiki/Maximum_likelihood_estimation


In practice we usually work with the log-likelihood–since the
location of the maximum of a positive function is the same as the
location of the maximum of its log, a strictly increasing function–

L(c, σ) = log (L(c , σ)) =
m∑
i=1

log f (S , ti ) .



Comments
I Instead of a ’variable threshold’ hypothesis, we could view the

model as a constant rate after a smooth recovery from a
refractory period.

I Namely, we can see S − Aec/t as the membrane potential
value following a spike at t = 0 when a stimulus of intensity S
is applied.

I Hagiwara’s model can then be reformulated by saying that the
neuron spikes when the standard random variable X (t)
exceeds

(
S − Aec/t

)
/σ.

I To see that, draw the graph of standard random variable
probability density and, by symmetry, you will immediately see
that the area under the right tail: x ≥

(
Aec/t − S

)
/σ equals

the area under the left tail: x ≤
(
S − Aec/t

)
/σ. In other

words:

1√
2π

∫ (S−Aec/t)/σ

−∞
e−u

2/2du =
1√
2π

∫ ∞
(Aec/t−S)/σ

e−u
2/2du .



If we stick to the second interpretation of the model, that is the
’membrane potential’ of the neuron, U(t), following a spike at time
t = 0 is

U(t) =
1
σ

(
S − Aec/t

)
and the probability to have a spike in (t, t + dt) is:

P{one spike in (t, t+∆t) | last spike at t = 0} =
∆t√
2π

∫ U(t)

−∞
e−u

2/2du,

we see that we have in fact a very general model, in particular, one
that allows us to include time dependent events: we don’t need S
to be constant, we could as well work with S(t).



Leaving the experimental context of Hagiwara’s article, we could
account for interactions between neurons; following a spike in a
presynaptic neuron, U(t) would be transiently modified, for
instance as follows:

U(t) =
1
σ

S − Aec/t +
∑
tp,i<t

g(t − tp,i )

 ,

where {tp,i} stands for the set of presynaptic spike times and were
g could be:

g(u) =

{
0 if u < 0
we−u/τ if u ≥ 0, with τ > 0

where the synaptic weight w would allow us to work with excitatory
or inhibitory connections.
In such a setting the ’stochastic component’ is concentrated in the
function converting the ’membrane potential’ into the ’spike
rate’–in the above case the standard normal distribution function.
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Background
In the mid-fifties, Kuffler, Fitzhugh and Barlow start studying the
retina, concentrating on the output neurons, the ganglion cells.
They describe different types of cells, on and off cells and show
that when the stimulus intensity is changed, the cells exhibit a
transient response before reaching a maintained discharge that is
stimulus independent as shown if their figure 5, reproduced here:



They then make a statistical description of the maintained
discharge that looks like:



They propose a gamma distribution model for the inter spike
intervals for the ’maintained discharge regime’, we would say the
stationary regime:

https://en.wikipedia.org/wiki/Gamma_distribution


Building a discharge model for the transient regime

Fitzhugh wants first to build a discharge model for the transient
parts of the neuron responses; his model boils down to:
I The neuron has its own ’clock’ whose rate is influenced by the

stimulus that can increase it or decrease it (as long as the rate
remains nonnegative).

I The neuron always discharge following an renewal process with
a fixed gamma distribution with respect to its own time (the
time given by its clock).

I Since the clock rate can be modified by a stimulus, the neuron
time can be ’distorted’–the distortion is given by the integral
of the rate–with respect to the ’experimental time’ and the
spike times generated by the neuron can be nonstationary and
exhibit correlations.



Fitzhugh illustrates the working of his model by assuming the
following rate (clock) function f :



The way to generate the observed spike train assuming this rate
function is illustrated next:



Inference

I Fitzhugh proposes to estimate f ′ from what we would now call
a normalized version of the Peri-Stimulus Time Histogram.

I The normalization is done by setting the rate in the stationary
regime to 1.



Comments

I Fitzhugh approach could obviously be generalized to
interactions between neurons.

I Synaptic coupling could translate into acceleration (for
excitatory synapses) and deceleration (for inhibitory ones) of
the clock rate.

I It is strange that no one apparently explored these possibilities
further.

I There is moreover a close connection to what statisticians call
accelerated failure time model.

https://en.wikipedia.org/wiki/Accelerated_failure_time_model
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Background

Using data from the cochlear nucleus of cats, Gerstein and
Mandelbrot in their 1964 paper try to account for two data
features:
1. The spike trains in the stationary regime are well approximated

by renewal processes and the distribution of the sums of 2, 3
or more intervals looks sometimes like a scaled version of the
distribution of a single interval convolved with itself twice,
three times, etc; in other words the interval distribution might
be a stable distribution.

2. The interval probability density functions typically exhibit a
marked asymmetry (fast rise and sometimes very slow decay),
even stronger than the ones fitted with gamma distribution by
Kuffler, Fitzhugh and Barlow

https://en.wikipedia.org/wiki/Cochlear_nucleus


Model

I To get a model with ’heavy tails’ and with parameters that can
be interpreted physiologically, they consider the dynamics of
the membrane potential as driven by constant bombardment
of not directly observed excitatory and inhibitory inputs:
I an excitatory input ’gives an upward kick’ to the membrane

potential
I an inhibitory one gives a ’downward kick’.

I Assuming:
I a large, virtually infinite, membrane time constant;
I a large number of uncorrelated presynaptic neurons leading to

individual inputs of small amplitudes;

the membrane potential is expected to follow a random walk
converging to a Wiener process/Brownian motion process (as the
number of presynaptic neurons goes to infinity and the as the input
amplitude goes to 0).

https://en.wikipedia.org/wiki/Wiener_process


I If one sets a threshold such that every time the membrane
potential reaches this threshold:
I an action potential is emitted
I the membrane potential is reset to a standard value,

one gets a stochastic model of the discharge.
I The first ’problem’ of interest for us is the determination of

distribution of the first passage time (FPT) or first hitting
time through the threshold, since these FPT are the inter spike
intervals.



In situations where the excitatory inputs dominate, the membrane
potential exhibits a drift:



In the paper Gerstein and Mandelbrot justify the FPT probability
density of their random-walk-plus-drift model. This FPT
distribution is an inverse Gaussian distribution also known as a
Wald distribution; its expression is:

fFPT (t) =

√
λ

2πt3
exp

(
−λ(t − µ)2

2µ2t

)
, T , λ, µ > 0,

where
I λ = r2/σ2 (r is the distance in [mV] between reset and

threshold
I σ2 is the diffusion constant of the Brownian motion process

[mV2/ms])
I µ = r/δ (δ is the membrane potential drift [mV/ms]).

https://en.wikipedia.org/wiki/Inverse_Gaussian_distribution


They present comparison between histogram based FPT densities
estimation and fitted inverse-Gaussian densities:



Time dependent drift

They go further and study the effect of a time dependent drift. In
that case they cannot obtain analytical solution for the FPT density
and they use Monte-Carlo simulations of random walks plus drift:



Comments

I This model and some of its variants have enjoyed a big
popularity among ’diffusion expert’ probabilists (Ricciardi,
Sacerdote).

I Again, synaptic interactions can be accommodated by allowing
specific inputs to modify the drift in a deterministic fashion.

I A problem appears when we want to do statistical inference in
a general context (the drift depends on synaptic inputs or on
stimulation):
I We then want to get the likelihood implying that we need to

compute the probability density of each inter spike interval,
many many times (for different parameter values).



I Simulating diffusion explicitly is not the best solution; it is
slow and error prone.

I It is much more efficient to keep the drift at zero and to make
the threshold change (with the opposite magnitude of the
original drift).

I We are then looking for the FPT of a Brownian motion
(without drift) across a time dependent boundary and there are
very efficient numerical methods–with bounded errors–for that.
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Overview

I This article focuses on the estimation of the synaptic coupling
between neurons (from observed spike trains).

I It is not based on actual data.
I A model is presented in a very detailed way:

I inference is strongly emphasized
I a lot of formal properties of the estimator are proven,
I an estimation algorithm, whose convergence is also proven, is

presented.

I Then simulations are used to check the performances of the
method and to compare them with alternative methods
available at that time.



Model

I Like Hagiwara the authors model directly the rate or intensity
function, that is, Hagiwara’s function Φc (θ(t, S))

I Their rate function model differs from Hagiwara’s since they
opt for a Hawkes process rate function.

I More precisely, they consider:
I a network made of J neurons,
I the counting process of j is {Nj(t), t ≥ 0},
I the counting processes interact and their interaction is

modeled by the convolution of a kernel, h1
j→i specific of each

neuron pair and of the differential of the presynaptic neuron
(j) counting process,



(Clarification: the differential of a counting procees)

’The convolution of a kernel and of the differential of the
presynaptic neuron (j) counting process’ means:
I The effect of j on the rate function of i at time t takes the

form: ∫ t−

0
h1
j→i (t − u)dNj(u)

I For a given spike train {t j1, t
j
2, . . .} of neuron j , this integral

translates into: ∑
t jk<t

h1
j→i (t − t jk) .



(back to the model)

The rate function of neuron i is then given by:

λi (t) = h0
i +

J∑
j=1

∫ t−

0
h1
j→i (t − u)dNj(u) ,

where you see that:
I a sum is made on all the neurons of the network, including i

itself;
I the individual effects (of each spike from each neuron) sum

linearly;
I the term h0

i , the ’spontaneous rate’ would make the process a
Poisson process if all the h1

j→i were uniformly 0.
An obvious weakness of this model is that since the rates λi must
be nonnegative, inhibitory interactions are de facto out of the
picture.



Inference
Like Hagiwara, but much more explicitly–with a thorough
mathematical treatment–they maximize the log-likelihood that
takes the following form assuming observation between 0 and T :

L(θ) =
J∑

i=1

Li (θi ),

with

Li (θi ) =

ni∑
k=1

log
(
λi (t

i
k ; θi )

)
exp

(
−
∫ T

0
λi (u; θi )du

)
,

where:
I the {t i1, . . . , t ini}, are the spikes of neuron i

I θi = {h0
i , h

1
1→i , . . . , h

1
J→i} are the ’parameters’ of neuron i

I λi (u; θi ) is given by our last equation
I θ = {θ1, . . . , θJ}.



I Clearly, the J2 kernels h1
j→i cannot be arbitrary functions.

I Otherwise inference would be impossible since the number of
parameters to estimate would be infinite.

I So Chornoboy et al. restrict the kernel to a class of piecewise
constant functions (or step functions) with bounded support
([0, 640] in ms) and 64 pieces (each piece 10 ms long), as
illustrated below:



I The authors develop an Expectation-maximization (EM)
algorithm for estimating the J + J2 × 64 parameters of their
model.

I An advantage of this algorithm is that the nonnegativity of the
parameters is automatically satisfied.



Examples

The authors consider first:
I a network made of 2 (J = 2) neurons, one, say neuron 1,

presynaptic to the other one, neuron 2.
I The effect of 1 on 2, h1→2 is given by the kernel just shown.
I They then generate spike trains of neuron 1 with several

schemes:
I one described as ’over-clustered’,
I the other described as ’under-clustered’

I The goal here is to move away from the homogeneous Poisson
assumption made by the available methods

I They simulate the postsynaptic train given the presynaptic one
and the interaction kernel.

I They then run their inference method together with the
method of choice a that time they name ’method of moments’.



For the ’over-clustered’ case they get:



For the ’under-clustered’ case they get:



I In both cases, the proposed method is clearly better.
I This is not that surprising since the data are then fitted with

the model that generated them in the model family considered.



They consider next two neurons reciprocally connected with the
same kernel and compare again the two methods:



The next example involves three neurons: 1 ’talks’ to 2 that ’talks’
to 3, but 1 does not ’talk’ directly to 3. The question is: does the
proposed method find that there is no direct connection between 1
and 3?

And the answer is yes!



The last example involves three neurons again with 1 talking to 2
and 3 (common input) without direct connection between 2 and 3.
Again the question is: does the proposed method find that there is
no direct connection between 2 and 3?

Again, the method works.



Comments

I As discussed in the paper, inhibition can be dealt with if one
’rectifies’ , working for instance with:

λi (t) = exp

h0
i +

J∑
j=1

∫ t−

0
h1
j→i (t − u)dNj(u)

 .

I The problem is then that the nice EM algorithm developed by
the authors does not work anymore (but more general ones
can be used).

I Note also that rectification could in principle be done with
other functions like the normal distribution function of
Hagiwara or a logistic function.



I Another shortcoming of the model is the difficulty to handle a
stimulus.

I Indeed, in the proposed framework, one would also model the
stimulus by a piecewise function.

I But ones runs then into nasty unidentifiability problems
because of the interplay between h0

i and the stimulus baseline
(the easy solution is to force that baseline at 0).

I All the nice examples shown in the paper are nice because the
whole network is observed.
I In real life, that is never the case and that can lead to

estimating wrong connections; exactly as the method of
moments does in the last example.

I This paper was essentially ignored for 15-17 years, but has
recently enjoyed a rebirth (Reynaud-Bouret, Hodara, Lambert).

I The Hawkes process is now also heavily used for the modeling
of financial transactions. . .
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Overview

This last article is rarely cited although it had the most profound
influence on spike train analysis as it is performed today. On the
surface it is:
I the continuation of Hagiwara’s 1954 paper, with two key

modifications;
I the follow up and extension of a former work of Brillinger

himself together with his long time collaborator José Segundo
on Aplysia ganglion (this explains why only pairs of neurons
are explicitly considered).

The key modifications of Hagiwara’s approach are:
1. time is discretized into bins thin enough to contain at most a

single spike of a given neuron.
2. the θ function of Hagiwara become a linear function of the

model parameters.



Discretization

Modification (1) transforms spike trains into binary vectors (with 0
in bins/vector elements that contain no spike and 1 in bins that
contain one spike).
For instance:
I if the time unit is the millisecond
I if the spike train for the first 10 ms is (2.23, 7.53)

then using a 1 ms bin width and starting binning from 0 ms we get:

Index set {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, . . .}
Counting process sample path {0, 0, 1, 1, 1, 1, 1, 2, 2, 2, . . .}

Point process sample path {0, 0, 1, 0, 0, 0, 0, 1, 0, 0, . . .}



I From a modeling viewpoint we are then dealing with a
sequence of Bernoulli trials, one per bin.

I That is, in bin t a biased coin is tossed with a probability p(t)
to fall on head (give a spike) and 1− p(t) to fall on tail (no
spike).

I From a statistical viewpoint, the problem of estimating the
{p(t)} is called a binary regression.

I Note that stating that Brillinger ’modifies’ Hagiwara’s
approach here is bit exaggerated, since this the precisely the
first method Hagiwara uses to compute the probability of an
inter spike interval.

I The real difference is that Brillinger absolutely needs
discretization while in Hagiwara’s case it can be viewed as a
technical devise.

I The ’absolute necessity’ I just mentioned becomes clear when
Brillinger combines (1) and (2) since he end’s up in a
generalized linear model, the now famous GLM for almost
everyone mentions in neuroscience without being able to
explain what it is or what it means. . .



I To be more explicit, Brillinger writes {XC (t), t ≥ 0},
respectively {XB(t), t ≥ 0}, the counting process (associated
to the spike train) of C , respectively B .

I The probability of the spike train of C can then be written
(assuming that observations are available between 0 and T ):

T∏
t=0

pC (t)XC (t) (1− pC (t))1−XC (t) .



The functional form of pC (t) adopted by Brillinger is:

pC (t) = Φ(
t∑

k=LC (t)+1

hkXB(t − k) + α1 (t − LC (t)− 1)

+ α2 (t − LC (t)− 1)2 + α3 (t − LC (t)− 1)3 − α0) ,

where:
I LC (t) stands for the index of the last spike of neuron C , prior

to t (LC (t) = sup{j < t : XC (j) = 1});
I the {hk} describe the postsynaptic effect in neuron C at time

t of a spike that occurred at time t − k in neuron B ;
I the {α0, α1, α2, α3} describe intrinsic properties of neuron C

(they can be viewed either as a variable threshold or as a
self-inhibitory effect),

I Φ is the standard normal distribution function.



We could make this formulation much more similar to the one of
Chornoboy et al. by writing for the first term on the right-hand side:

t∑
k=LC (t)+1

hkXB(t − k) =

∫ t

LC (t)+1
h1
B→C (t − u)dNB(u),

where h1
B→C would also be piecewise constant; for the ’second’

term:

3∑
i=1

αi (i − LC (t))i =

∫ t

LC (t)+1
h1
C→C (t − u)dNC (u)

where h1
C→C (x) would be α1 + 2α2x + 3α3x

2, and for the last:

α0 = −h0
C .



We would then write our probability of observing a spike from
neuron C at time t as:

pC (t) = Φ(

∫ t

LC (t)+1
h1
B→C (t − u)dNB(u)

+

∫ t

LC (t)+1
h1
C→C (t − u)dNC (u) + h0

C ) .

We see here a key difference between Brillinger’s model and the
’rectified’ Hawkes process of Chornoboy et al.:
I the integration lower limit is set by the time/index of the last

spike from the neuron of interest in the former,
I it extends all the way back to the recording origin in the latter.

Brillinger’s model is a model with reset (a property that is
discussed and justified by Brillinger and Segundo).



Comments

The ’insistence’ of Brillinger to put the spike train analysis problem
into a GLM framework is justified on two grounds:
I the GLM theory was already fully worked out at the

time–estimator convergence, estimator variance, etc.–,
I a generic software, GLIM, was already available (and

thoroughly tested) at that time to fit GLM to data and
Brillinger did distribute his GLIM script–that makes him not
only the most important contributor to spike train analysis
from the statisticians community, but also a pioneer of
reproducible research.
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